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the time Eq. (1f) leads to an approximation with poor convergence
characteristics. Hence it is advantageous to replace t by

t=rt*+At  with  ¢* =J R9ds = (1—RO~Y2)/e (15
0

For At an expansion solution may be found
At = —g[ROV2(4cost— Bsint)—9x (1—RO)+2]  (16)

The two-variable expansion of the ¢-equation (le) gives a first-
order approximation

¢ =1+eRO [(Acost—Bsint)+#x (RO —-1)+2] (17)
Both results Egs. (16) and (17) include the assumption that the

second-order expansion term of the energy, H?, and that part of
v® which depends on § only, V'?, be zero, i.e. H? = V@ = (.

Discussion

The asymptotic solution shows the basic characteristics of the
spiral trajectory. The zero-order solution v® = ROV2 jg
equivalent to the relation rv? = 1, which usually is regarded as the
standard circular asymptotic solution of spiral type trajectories.®
Furthermore, the zero-order radius approximation is equivalent
to the well-known spiral distance approximation r¥(f) =
(1—e)~2

The derived solution has a singularity at 9 = 1. This value
corresponds to the escape condition h =0 and leads to (8=
3) — oo. This is the well-known behavior of the Kepler solution
of the equations of motion without thrust. Consequently, the
solution is valid only for energy levels less than zero.

Near escape thrust acceleration and gravity force are of the
same order of magnitude, and the solution ceases to possess two
different time scales. This change in the physical characteristics
violates the basic assumption for the procedure which implies
the dominance of the gravity force. In addition the expansion
solution assumes that the radial velocity component u is small
compared to v. This condition does not hold near escape, too.

Examples

To check the accuracy, the analytic solution is compared
with the results of Jacobson and Powers® and with numerical
calculations. 1) Jacobson and Powers used the specifications
hy = —0.2904134 with &= 1.189409 x 1073. These lead to a
scaled minimum time ¢, = 200. The number of revolutions of
the optimal trajectory is slightly more than 22. The coincidence
of these results with the two-variable expansion solution lies
between 3 and 6 significant digits for the different state variables
and multipliers over the whole region 0 < ¢ < 1. Figures 1 and 2
show the control angle and the radial distance histories as
functions of the nondimensional time. One sees immediately
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Fig.1 Time history of the control angle (measured against the path
tangent).
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Fig. 2 Time history of the radial distance.

how well the approximation matches the changing amplitude
and period of the trajectory and control angle oscillations.

2) The numerical procedure was calculated with hy = —0.195
and ¢ = 1.1242371 x 10~ *. This results in a scaled z, = 1 885.5
and more than 300 revolutions. The analytical approximation
and the numerically integrated trajectory coincide within at least
3 significant digits over the whoie region. A numerical optimi-
zation program was started with Lagrange multipliers at ¢; =0
which resulted from the approximate solution. This extremely
sensitive optimization process converged within few iterations.
Time and centriangle approximations are accurate within 5
digits for both examples.
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Thermal Buckling of
Orthotropic Cylindrical Shells
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. Introduction

HERMAL buckling plays an important role in the design of

thin walled structures subjected to thermal environment.
The existing studies on thermal buckling are confined to homo-
geneous, isotropic and ring stiffened shells.! =7 Dasgupta and
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Wang® have evaluated the critical temperatures for short
composite cylinders using an energy approach. The effect of
prebuckling rotations, which influences the buckling bebavior
of short shells,*:> has not been included in Ref. 8. The purpose
of this Note is to make a complete study of thermal buckling of
shells, made up of composite materials like fibreglass reinforced
plastics. The following aspects, which affect the buckling of a
cylindrical shell subjected to a uniform temperature rise through-
out and free from mechanical loads are studied: 1) effect of L/R
ratio ; 2) effect of prebuckling rotations; 3) effect of constraining
the prebuckling meridional displacement; and 4) effect of
different buckling boundary conditions.

Theory and Method of Solution

The governing differential equations of the prebuckling and
buckling states are derived from Sanders’ nonlinear thin shell
theory.? To account for the effects of prebuckling rotations in
short shelis a nonlinear prebuckling analysis is carried out. The
stress strain relations for an orthotropic material, including
thermal effects are used in the present analysis.

The nonlinear differential equations of the prebuckled state
are solved by a “Parametric Differentiation Technique,” recently
used in the investigation of shell buckling.’-'® The method of
solution is exactly similar to that described in Ref. 10 except that
the uniform temperature is chosen as the parameter. The linear
homogeneous differential equations of the buckled state are
solved by carrying out four homogeneous integrations. The
buckling criteria is the vanishing of the determinant formed by
the coefficients of homogeneous integrations corresponding to
the given boundary conditions.

Numerical Results and Discussion
In this Note, numerical results are obtained for materially
orthotropic, clamped cylindrical shells. Though the material
properties are strictly functions of temperature, as a first approxi-
mation, the assumed properties are representative in the tempera-
ture range under consideration. The properties chosen are:
E; =191 x10%Ibs/in.>; E; = 502 x 10° Ibs/in.?;v; = 0.25;G =
0.75 x 10 1bs/in.?. The value of v, can be determined from the
reciprocal relation E;v; = E,v,. Boundary conditions: The
conditions chosen for the prebuckling state are:
Wa:(); d)so:O;Nso:O or uo=0
ua:(); ¢so:0; Qso=0
Both symmetric and antisymmetric modes of buckling are
studied. To study the effect of different boundary conditions, the
following clamped conditions are considered :
Wn:d)sn:un =Up =0 (Cfl)
w, = (bsn = Nsn =V, =0 (042)
wnz(bsn:un :NSOn:() (0*3)
Wy = d)sn - Nsn = Nsen =0 (Cv4)
where u, v, ware axial, circumferential and normal displacements;
¢ = meridional rotation; N, N, Q, are axial, circumferential
and normal stress resultants; n = number of circumferential
waves; subscripts o and n correspond to the prebuckling and
the buckling states, respectively. In all the numerical examples

discussed, the ratio of radius to thickness of shell is taken as
300.0.

at ends
at center of the shell.

at the ends.

Effect of curvature on critical temperature

Buckling parameters o, 7, (where o, is the coefficient of
thermal expansion in the circumferential direction; T, is the
critical temperature) for various geometric parameters Z, are
shown in Fig. 1. These results correspond to c-1 condition with
axial displacement u, released. Since u, is allowed at supports,
¢, and the circumferential stress resultant Ny, are independent
of «;. The curve corresponding to symmetric mode resembles
well that given by Chang and Card® for ring-stiffened shells.
It is worth mentioning that the asymmetric mode predicts lower
buckling values in the range 3.7 < Z < 26.6. Earlier studies on
thermal buckling of homogeneous and ring stiffened shells have
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Fig. 1 Variation of critical temperature parameter with curvature.

not considered this aspect. For higher values of Z, the critical
thermal load approaches a constant value 0.01196. The com-
pressive hoop stress which causes buckling is found to be well
within the elastic limit for all geometries chosen.

Effect of prebuckling rotations on buckling behavior

To study the effect of prebuckling rotation on composite
shells, two geometries with Z = 2.96 and 26.6 are considered.
The results are tabulated in Table 1. As in the case of homo-

Table 1  Effect of prebuckling rotations on o, T,.(1, constrained)

With rotation Without rotation

VA o T, x 10* n o, T, x 104 n
296 165.0 64 66.4 33
26.60 1379 49 1220 39

geneous shells,** the inclusion of rotations yields higher buckling
Ioads. This effect is more predominant for short shells. For the
shell with Z = 2.96, the stresses just exceed the proportional limit,
when prebuckling rotations are included. The shell deforms with
less number of circumferential waves if the prebuckling rotations
are not considered in the analysis.

Effect of constraining u,

This effect is studied for a shell with Z = 26.6 and for o, /o, =
0.3, 1.0 and 1.5. In general, a compressive axial stress is induced
due to the axial constraint. However it is observed that for
oy /o; = 0.3, the axial stress and meridional rotations (near the
center of the shell) based on nonlinear analysis change their
sign near the critical temperature. Figure 2 shows the nonlinear
variation of meridional rotation (at S = 0.4L) with temperature.
This observation necessitates the need to carry out a buckling
analysis using the linear prebuckling state. Such an analysis
predicts o, T,, as 859, a much lower value than nonlinear
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Fig. 2 Variation of prebuckling rotation at S/L. = 0.4 with temperature.
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Table 2 Effect of a, /o, on o, T.(Z = 26.6)

u, restrained u, unrestrained

oy /o2 T n ar T, n

0.3 110.0 44 119.6 47
85.9¢ 36

1.0 138.0 49 119.6 47

1.5 151.0 50 119.6 47

¢ Linear prebuckling analysis

analysis. Also the shell deforms into smaller number of circum-
ferential waves (n = 36). It can be seen from Table 2 that the
parameter a,7T;, increases in magnitude for increasing values of
oy /or; ratio.

Effect of boundary conditions on o, T,,

The critical parameter a, T, for a shell with Z = 1.89, for all
the boundary conditions c-1-to c¢-4 are given in Table 3. It can

Table 3 Effect of different buckling conditions on 2, 7,(Z = 1.89)

Boundary conditions oty Tor n
c-1 80.87 54
c-2 80.20 50
c-3 80.70 54
c-4 78.10 49

be seen that the critical temperature of a cylinder, constrained
axially is unaffected whether the circumferential edge is restrained
or free. If the axial displacement is released, the buckling
parameter is lower when the displacement v, is unrestrained than
when restrained. However the difference is not considerable.
Irrespective of the boundary conditions used in the circum-
ferential direction, the number of circumferential waves for
axially restrained cylinder is more than the unrestrained case.

Conclusions

The results for clamped cylinders indicate that for lower values
of geometric parameter (Z £ 3.7) the symmetric mode of buck-
ling is predominant while for Z < 3.7, the asymmetric mode
governs the behavior. Inclusion of prebuckling rotations in the
analysis estimates higher buckling temperature. The critical
temperature is higher for increasing values of the a,/a, ratio.
The buckling boundary conditions do not significantly alter the
buckling behavior.

References

! Hoff, N. J., “Buckling of Thin Cylindrical Shell under Hoop Stress
Varying in Axial Direction,” Journal of Applied Mechanics, Vol. 24,
1957, pp. 405-412.

2 Johns, D. J., “Local Buckling of Thin Circular Cylindrical Shells,”
Collected Papers on Instability of Shell Structures, TN-D 1510, Dec.
1962, pp. 266-276, NASA.

3 Anderson, M. S, “Thermal Buckling of Cylinders,” Collected
Papers on Instability of Shell Structures, TN-D 1510, Dec. 1962,
pp. 255-265, NASA.

* Bushnell, D., “Analysis of Ring Stiffened Shells of Revolution
Under Combined Thermal and Mechanical Loading,” AIAA Journal,
Vol. 9, No. 3, March 1971, pp. 401-410.

* Chang, L. K. and Card, M. F., “Thermal Buckling Analysis for
Stiffened Orthotropic Cylindrical Shells,” TN-D 6332, April 1971,
NASA.

6 Bushnell, D., “Non-Symmetric Buckling of Cylinders with Axisym-
metric Thermal Discontinuities,” AIAA Journal, Vol. 11, No. 9, Sept.
1973, pp. 1292-1295.

7 Bushnell, D. and Smith, S., “Stress and Buckling of Nonuniformly
Heated Cylindrical and Conical Shells,” ATAA Journal, Vol. 9, No. 12,
Dec, 1971, pp. 2314-232].

8 Dasgupta, S. and Wang I-Chih, “Thermal Buckling of Orthotropic
Cylindrical Shells,” Fibre Science and Technology, Vol. 6, No. 1, Jan.
1973, pp. 39-45.

TECHNICAL NOTES 399

9 Radhamohan, S. K. and Prasad, B., “Asymmetric Buckling of
Toroidal Shells under Axial Tension,” AIAA Journal, Vol. 12, No. 4,
April 1974, pp. 511-515.

10 Radhamohan, S. K., Setlur, A. V., and Goldberg, J. E., “Stability
of Shells by Parametric Differentiation Technique,” Journal of
Structural Division, Proceedings of the ASCE, Vol. 97, June 1971,
pp. 1775-1790.

Prevention of Delamination of
Composite Laminates

N. I. PAGano*
Air Force Materials Laboratory, Dayton, Ohio

AND

L. M. LACKMANT
Rockwell International, Los Angeles, Calif.

S described by Dickerson and Lackman,' the longerons of
the B-1 air vehicle consist of a basic metal element with

an adhesively bonded boron/epoxy cross-ply laminate. Concern
with regard to free edge delamination caused by interlaminar
normal stress ¢,”~* has led to a design in which the 90° layers
have been “softened” in the vicinity of the free edges by means of
a mechanical serrating process as shown in Fig. 1. In this Note,
we shall present some experimental observations with respect to
the effectiveness of this procedure for large diameter boron/epoxy
laminates under static and fatigue (tension) loadings. Specifically,
we shall consider the extreme case of a laminate that is highly
prone toward delamination and observe the influence of serration
on its delamination threshold, ultimate strength, and fatigue life.
It should be noted that one approach to prohibit delamination
has already been proposed in the literature.? This involves the
prescription of a detailed stacking sequence such that inter-
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Fig. 1 Serration pattern.
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